In this article we construct L-A representations of geodesic flows on quadrics and of billiard problems within ellipsoids in the pseudo-Euclidean spaces. A geometric interpretation of the integrability analogous to the classical Chasles theorem for symmetric ellipsoids is given. We also consider a generalization of the billiard within arbitrary quadric allowing virtual billiard reflections.
Introduction
A pseudo-Euclidean space E k,l of signature (k, l), k, l ∈ N, k + l = n, is the space R n endowed with the scalar product
x i y i (x, y ∈ R n ).
Two vectors x, y are orthogonal, if x, y = 0. A vector x ∈ E k,l is called spacelike, time-like, light -like, if x, x is positive, negative, or x is orthogonal to itself, respectively. Denote by (·, ·) the Euclidean inner product in R n and let E = diag(τ 1 , . . . , τ n ) = diag(1, . . . , 1, −1, . . . , −1), where k diagonal elements are equal to 1 and l to −1. Then x, y = (Ex, y), for all x, y ∈ R n .
Let M be a smooth hypersurface in E k,l . A normal ν(x) at x ∈ M is a vector orthogonal to the tangent plane T x M . In particular, a normal to the hyperplane (n, x) = 0 is En. We say that x ∈ M is singular point, if ν(x) is light-like, or equivalently, if the induced metric is degenerate at x.
Let A = diag(a 1 , . . . , a n ), a i = 0, i = 1, . . . , n. Following Khesin and Tabachnikov [14] and Dragović and Radnović [7] we consider the geodesic flow and the billiard system (in the case when A is positive definite) on a n − 1-dimensional quadric E n−1 = x ∈ E k,l | (A −1 x, x) = 1 .
(1.1)
Notice that EA −1 x is a normal at x ∈ E n−1 . Therefore, x ∈ E n−1 is singular, if (EA −2 x, x) = 0. Lax representations for geodesic lines and billiard trajectories outside of singular points are constructed (Theorems 2.1 and 3.1). For billiards, in a general nonsymmetric case, the spectral curve is a non-singular hyperelliptic curve S of genus n − 1 for a space-like or time-like trajectory, while for a light-like trajectory its genus is n − 2. The billiard mapping transforms to a translation on the Jacobian variety of S by a constant vector (Theorem 3.2).
There is a nice geometric manifestation of the integrability. Consider the following "pseudo-confocal" family of quadrics in E k,l
For a non-symmetric ellipsoid, the lines l k , k ∈ Z determined by a generic spacelike or time-like (respectively light-like) billiard trajectory are tangent to n − 1 (respectively n − 2) fixed quadrics from the pseudo-confocal family (1.2) (pseudoEuclidean version of the Chasles theorem, see Theorem 4.9 in [14] and Theorem 5.1 in [7] ). Also, tangent lines to a generic space-like or time-like (respectively lightlike) geodesic are tangent to other n − 2 (respectively n − 3) fixed quadrics from the pseudo-confocal family (1.2). A related geometric structure of the set of singular points for the pencil (1.2) is described in [7] .
Here we consider the case of symmetric quadrics, when the systems are integrable in a noncommutative sense (Theorem 4.1) and prove the Chasles theorem for symmetric ellipsoids (Theorem 5.1). By combining Theorem 5.1 and a non-commutative version of Veselov's discrete Arnold-Liouville theorem (see [21] ), we formulate Poncelet theorem for a symmetric elliptic billiard in the pseudo-Euclidean space E k,l (Theorem 5.2).
Finally, in the last section, we define a natural generalization of the billiard within arbitrary quadric allowing the so called virtual reflections. The virtual billiard flow shows the same dynamical characteristics as the usual one: the Lax representation, integrability, and the Chasles theorem (Theorems 6.1, 6.2, and 6.3).
Geodesic flows
By the use of the scalar product we can identify tangent and cotangent spaces y ∈ T x R n −→ p = Ey ∈ T * x R n . The canonical symplectic form dp ∧ dx on T * R n (x, p) transforms to the form
By a geodesic on E n−1 we mean a critical smooth curve γ : t → x(t) ∈ E n−1 of the action
The Euler-Lagrange equation for the Lagrangian L with the constraint x(t) ∈ E n−1 yields
where the Lagrange multiplier is µ = −(A −1ẋ ,ẋ)/(EA −2 x, x), provided that x(t) is not a singular point. By introducing the variableẋ = y, the system (2.3) takes the forṁ
on the tangent bundle T E n−1 Σ described by the constraints
The system (2.4) is actually a Hamiltonian system with the Hamiltonian function
with respect to the Poisson-Dirac bracket 8) where {·, ·} is the bracket (2.2) (cf. [16] ). Note that
and that the system (2.4) as well as the bracket (2.8), is well defined on T R n Σ. The functions F 1 and F 2 are Casimir functions of the Poisson-Dirac bracket considered on T R n Σ. For arbitrary λ ∈ R let
Similarly as in [12] , we get Theorem 2.1: Solutions of (2.4) on T E n−1 Σ satisfy the matrix equatioṅ
where the 2 × 2 matrices L x,y (λ), A x,y (λ) are given by
,
Corollary 2.1: The determinant det L x,y (λ) is an integral of the geodesic flow (2.4) for all λ.
We shall say that E n−1 is non-symmetric, if τ i a i = τ j a j for i = j. Assuming that E n−1 is non-symmetric, the matrix representation described in Theorem 2.1 is equivalent to the system (2.4) up to the discrete group generated by the reflections 12) one can derive the integrals f i of the system (2.4) in the form
It is easy to check that they commute in the Poisson bracket (2.8), providing Liouville integrability of the geodesic flow. If A is positive definite, E n−1 is an ellipsoid and the above integrals coincides with the ones given in [14] . It is also convenient to consider a polynomial L-matrix
The L-A pairL x,y = [L x,y , A x,y ] belongs to a class of so called Jacobi-Mumford systems [18] . It has a spectral curve
For a non-symmetric quadric, from (2.12), the polynomial det
where the integrals L i depend on f i , in particular L n−1 = 2H = y, y . The integrals L i are independent on T R n , while on T E n−1 , due to det L x,y (0) = 0, we have L 0 ≡ 0. Therefore, for a space-like or time-like trajectory the degree of det L x,y (λ) is 2n − 1, while for a light-like trajectory its degree is 2n − 2. For a generic trajectory all zeros of det L x,y (λ) are different and S is a non-singular hyperelliptic curve.
Billiards
Here we suppose that A is positive definite and following [14] , consider a billiard flow inside the ellipsoid (1.1) in E k,l . Between the impacts the motion is uniform along the straight lines. Suppose also that x ∈ E n−1 is non-singular. Then ν(x) is transverse to the quadric and the incoming vector w can be decomposed as w = t+n, where t is its tangential and n the normal component in x. The billiard reflection is w 1 = t − n. If x ∈ E n−1 is singular, the flow stops.
Let φ : (x j , y j ) → (x j+1 , y j+1 ) be the billiard mapping, where x j ∈ E n−1 is a sequence of non-singular impact points and y j is the corresponding sequence of outgoing velocities (in the notation we follow [19, 21, 9] , which slightly differs from the one given in [17] , where y j is the incoming velocity).
It is evident from the definition that the Hamiltonian (2.7) is an invariant of the mapping φ. Therefore, the lines l k = {x k + sy k | s ∈ R} containing segments x k x k+1 of a given billiard trajectory are of the same type: they are all either space-like (H > 0), time-like (H < 0), or light-like (H = 0).
As in the Euclidean case (see [19, 17, 9] ), we have:
The billiard mapping φ is given by:
(ii) The function J j = (A −1 x j , y j ) is an invariant of the billiard mapping.
Proof. (i) Since the normal component of y j and y j+1 at x j+1 is parallel to EA −1 x j+1 , we conclude that
for some µ j , ν j ∈ R, j ∈ Z, and the multipliers are determined from the conditions (A −1 x j+1 , x j+1 ) = 1 and y j , y j = y j+1 , y j+1 :
(ii) From (3.2) we have
Further, using (3.1), one obtains
✷ The initial condition (x 0 , y 0 ) uniquely defines the billiard trajectory x k . In the other direction, if the initial condition is given by the two successive non-singular initial points x 0 , x 1 ∈ E n−1 and x 1 − x 0 is space-like or time-like it is natural to take unit length y 0 = (
Note that in the limit, when J j tends to zero, the billiard flow transforms to the geodesic flow on E n−1 . Conversely, when the smallest semi-axes of the ellipsoid E n−1 (say a n ) tends to zero, the geodesic flow on E n−1 transforms to the billiard flow within (n − 2)-dimensional ellipsoid E n−1 ∩ {x n = 0}.
Motivated by the L-A representation for the Euclidean elliptical billiard with the Hook potential given by Fedorov [9] , we get:
The trajectories (x j , y j ) of the billiard map (3.1), (3.2), outside the singular set (2.6), satisfy the matrix equation
with 2 × 2 matrices depending on the parameter λ
where q λ is given by (2.9), and
The theorem can be verified by direct calculations. Analogous to the geodesic flow in Section 2, from Theorem 3.1 we arrive to the integrals (2.13) of the billiard flow (3.1), (3.2) associated to a non-symmetric ellipsoid (1.1).
Symplectic (for space-like and time-like trajectories) and contact properties (for light-like trajectories) of the mapping φ are studied in [14] . In particular, this is an example of a contact integrable system [15] . Recently, another integrable discrete contact system, the Heisenberg model in pseudo-Euclidean spaces, is given in [13] .
By the use of Theorem 3.1 we have also an algebraic-geometrical interpretation of the integrability.
In a non-symmetric case and for generic initial conditions all zeros of (2.15) are real and different (see [7] ). Thus, for a space-like or time-like trajectory, the spectral curve (2.14) is a hyperelliptic curve of genus n − 1, while for a light-like trajectory its genus is n − 2.
A generic complexified invariant manifold L 0 = c 0 , . . . , L n−1 = c n−1 of the system factorized by the action of the discrete group generated by the reflections (2.11) is an open subsets of the Jacobian J(S) of the spectral curve (2.14) (see [18] for the case of the Neumann system).
Let E ± = (0, ± − det L(0)) and
where A : Div 0 (S) → J(S) is the Abel mapping.
Repeating the arguments given for Theorem 3 in [9] , we obtain Theorem 3.2: The dynamics (3.1), (3.2) corresponds to the translation on the Jacobian variety of the spectral curve (2.14) by a vector T .
The Cayley-type conditions for periodic billiard trajectories within ellipsoids in the pseudo-Euclidean spaces are derived in [7] . Theorem 3.2 provides an alternative approach for the derivation of Cayley-type conditions modulo symmetries (2.11) (e.g., see Ch. 3, Section 8 and Ch. 7, Sections 2 and 3 in [6] ).
Symmetric quadrics
In a more general situation, when the quadric is symmetric, we use the following notation (cf. [12] ): the sets of indices I s ⊂ {1, . . . , n} (s = 1, . . . r) are defined by the conditions, 1 • τ i a i = τ j a j = α s for i, j ∈ I s and for all s ∈ {1, . . . , r},
One should observe the possibility that a i = a j for i ∈ I s , j ∈ I t , s = t, but in this case it has to be τ i τ j = −1.
Owing to Corollary (2.1), the determinant det L x,y (λ) is an invariant of the flow (2.4), and by expanding it in terms of 1
where the integralsf s , P s are given bỹ
3) The Hamiltonian (2.7) is equal to the sum H = 1 2 r s=1f s . Also, the functions f s , P s are independent on T R n , while restricted to T E n−1 they are related by Theorem 4.1: In addition to (4.3), a non-singular geodesic x(t) on a quadric E n−1 also has integrals
The functionsf s , P s = i<j Φ 2 s,ij are central within the algebra of integrals generated byf s and Φ s,ij :
Proof. The functions (4.4) are components of the momentum mapping
of the Hamiltonian SO(k s , l s )-action on T E n−1 , where
Indeed, they are components of the momentum mapping of SO(k s , l s )-action on T R n (x, y) and since the action preserves the constraints (2.5), that is
they are also components of the momentum mapping of the Hamiltonian SO(k s , l s )-action on T E n−1 . In particular, because P s is a composition of the momentum mapping with a Casimir function on so(
Since the Hamiltonian function (2.7), as well as of all its componentsf s are invariant with respect to the SO(k s , l s )-action, then the functions (4.4) are integrals of the system and commute withf s , s = 1, . . . , r (the Noether theorem).
Next, since Φ s,ij and Φ t,uv for s = t depend on different sets of variables (x, y), their canonical Poisson bracket vanishes. Thus, from (4.5) we also have
It remains to prove {f s ,f t } D = 0. Following [12] , we introduce a family of deformed non-symmetric quadrics 
Then {f ǫ s ,f ǫ t } ǫ D = 0, and taking the limit ǫ → 0, we obtain {f s ,f t } D = 0. ✷ For a symmetric quadric (4.1), from (4.2), the polynomial (2.15) determining the spectral curve (2.14) equals det L x,y (λ) = (λ − α 1 )
where
In particular, K N −1 = 2H = y, y . When considered on T R n , the functions K i are independent, while on T E n−1 , since P (0) = 0, we have K 0 ≡ 0.
Thus, the degree of P (λ) is N − 1 for a space-like or time-like vector y, or N − 2 for a light-like y. It can be proved that the geodesic flow (2.4) is integrable in a noncommutative sense by means of integrals described in Theorem 4.1 and that generic invariant isotropic manifolds are (N − 1)-dimensional. They are generated by the Hamiltonian flows off 1 , P 1 , . . . ,f r , P r , that is, of the integrals K 1 , . . . , K N −1 .
The Chasles theorem for symmetric ellipsoids
In this section we assume that E n−1 is an ellipsoid. Then the condition τ i a i = τ j a j can be satisfied only if
Therefore, a symmetric ellipsoid E n−1 with conditions (4.1) has SO(
From the discrete L-A representation in Theorem 3.1 we get for billiards the integrals (4.3). Moreover, one can easily verify that the components (4.4) of the momentum mapping of SO(|I s |)-action are also conserved by the billiard flow (3.1), (3.2), implying a noncommutative integrability of the mapping φ booth in the symplectic and in the contact setting (see [11] ).
We now give a geometric interpretation of noncommutative integrability of the systems considered here analogous to the pseudo-Euclidean versions of the Chasles theorem stated in [14] (see Theorem 4.9) and in [7] (see Theorem 5.1) for the corresponding Liouville integrable non-symmetric systems. For the Euclidean case, see Lemma 6.2 in [12] .
Consider the pencil of quadrics (
is equivalent to the geometrical property that the line l x,y = {x + sy, s ∈ R} is tangent to the quadric Q λ . This is proved in [16, 7] for E n−1 being a non-symmetric ellipsoid, but the assertion holds for symmetric quadrics E n−1 as well.
Theorem 5.1: (i) If a line l k determined by the billiard segment x k x k+1 (respectively a geodesic line x(t) at the moment t = t 0 ) is tangent to a quadric Q λ * from the pseudo-confocal family (1.2), then it is tangent to Q λ * for all k ∈ Z (respectively for all t ∈ R ). In addition, R(x k ) is a billiard trajectory (respectively R(x(t)) is a geodesic line) tangent to the same quadric Q λ * for all R ∈ SO(|I 1 |) × · · · × SO(|I r |).
(ii) The lines l k determined by a generic space-like or time-like (respectively light-like) billiard trajectory are tangent to N −1 (respectively N −2) fixed quadrics from the pseudo-confocal family (1.2), where, as above N = r + |{s ∈ {1, . . . , r} : |I s | ≥ 2}|.
The tangent lines to a generic space-like or time-like (respectively light-like) geodesic on E n−1 are tangent to other N − 2 (respectively N − 3) fixed quadrics from the pseudo-confocal family (1.2). Moreover, the billiard trajectories (geodesic lines) tangent to the same set of quadrics are of the same type: space-like, time-like or light-like.
Proof. (i) If the line l x(t 0 ),y(t 0 ) is tangent to Q λ * then det L x(t 0 ),y(t 0 ) (λ * ) = 0, implying det L x(t),y(t) (λ * ) = 0 for all t ∈ R (Corollary 2.1). Therefore, the line l x(t),y(t) is tangent to the quadric Q λ * for all t ∈ R.
The second statement follows from the fact that det
(ii) From Lemma 5.1 below it follows that a space-like or time-like (respectively light-like) line l x(t),y(t) determined by a geodesic line x(t) is tangent to N − 2 (respectively, N − 3) fixed quadrics from the pseudo-confocal family (1.2) different from E n−1 .
The last statement follows from the distribution of zeros of the polynomial P (λ) described in the proof of Lemma 5.1.
The similar assertions hold for billiard trajectories as well. ✷ By combining Theorem 5.1 and a non-commutative version of Veselov's discrete Arnold-Liouville theorem (see [21] ) we can formulate Poncelet theorem for a symmetric elliptic billiard in the pseudo-Euclidean space E k,l : Theorem 5.2: If a billiard trajectory (x k ) is periodic with a period m and if the the lines l k determined by the segments x k x k+1 are tangent to N − 1 quadrics Q λ 1 , . . . , Q λ N−1 (in the space-like or the time-like case) or to N − 2 quadrics Q λ 1 , . . . , Q λ N−2 (in the light-like case), then any other billiard trajectory within E n−1 with the same caustics is also periodic with the same period m.
Lemma 5.1: If a point x lies inside, or on the ellipsoid E n−1 , then the equation (5.2) generically has N − 1 (respectively N − 2) different real solutions for space-like and time-like (respectively light-like) vectors y. In particular, if the line l x,y is tangent to E n−1 , then (5.2) generically has N − 2 (respectively N − 3) different real non-zero solutions for space-like and time-like (respectively light-like) vector y.
Proof. Here we modify the idea used in [1, 7] for an analogous assertion in the case of non-symmetric ellipsoids.
We have 
We shall estimate the zeros of R(λ). Without losing a generality, we can assume that for (4.1) we have
From the definition of R(λ) we obtain sign R(α s ) = ǫ s (−1) s+r , ǫ s = sign y, y s , s = 1, . . . , r, and for a space-like or a time-like vector y:
Then, since (x, y) is generic, (5.1) and (5.5) yield
Therefore, the equation R(λ) = 0 has r − 2 solutions ζ s ∈ (α s+1 , α s ) for s ∈ {1, . . . , r − 1}\{r} and another solution ζ r ∈ (−∞, α r ) (if y is space-like) or ζ 0 ∈ (α 1 , ∞) (if y is time-like).
Firstly, we consider the case when the line l x,y is not tangent to E n−1 . From the fact that the point x belongs to the interior of the ellipsoid, or to the ellipsoid itself, it follows that 1 + q 0 (x, x) ≥ 0. Furthermore, for a generic (x, y) it is q 0 (y, y) < 0, q 0 (x, y) = 0. Whence,
By the use of the polynomial (4.7), we can rewrite det L x,y (λ) in the form
Recall that the degree of P (λ) is N − 1 for a space-like or a time-like vector y, while for a light-like vector y the degree is N − 2, N = δ 1 + · · · + δ r . Thus, for a space-like or a time-like vector y we have:
Obviously, the left hand side of (5.7) takes negative values at the ends of each of the r − 2 intervals (ζ r−1 , ζ r−2 ), . . . , (ζr +2 , ζr +1 ), (ζr +1 , 0), (0, ζr −1 ), (ζr −1 , ζr −2 ) . . . , (ζ 2 , ζ 1 ), and in each of the indicated intervals lies α r−1 , . . . , α 2 , respectively. Since generically P s > 0 for |I s | ≥ 2, i.e, δ s = 2, from 9) and (4.2) follows that in the interval containing the corresponding α s there are at least two zeros of the polynomial P (λ).
In the case |I s | = 1, it is P s = 0 and the interval contains at least one zero. The analysis above shows that in (ζ r−1 , ζ 1 ) there are δ 2 + · · · + δ r−1 zeros. It remains to show that in (−∞, ζ r−1 ) ∪ (ζ 1 , ∞) lie δ 1 + δ r − 2 (if y is light-like) or δ 1 + δ r − 1 zeros (if y is not light-like).
Indeed, note that when y is not light-like, it also has negative value at the ends of one of the intervals (ζ r , ζ r−1 ) (if y is space-like) or (ζ 1 , ζ 0 ) (if y is time-like), containing δ r and δ 1 zeros, respectively (which is in agreement with (5.8)).
Consequently, in the case δ 1 = δ r = 1 the assertion is clear. If δ 1 = 2, δ r = 1 and y is time-like, the conclusion follows from the previous considerations. On the other hand, if y is light-like or space-like, according to (5.9), the additional zero of P (λ) lies within the interval (ζ 1 , α 1 ).
Similar analysis resolves the cases δ 1 = 1, δ r = 2 and δ 1 = 2, δ r = 2. Secondly, if l x,y is tangent to E n−1 , then q 0 (x, y) = 0 and 0 becomes a zero of P (λ). The above analysis concerning the zeros of P (λ) remains the same, except for the interval (ζr +1 , ζr −1 ). However, owing to .7)) and the fact that the integral K 1 is generically different from zero, P (λ) changes its sign at 0. Therefore, the number of zeros of P (λ) lying in the interval (ζr +1 , ζr −1 ) is the same as in the previous case. ✷
Further generalization: virtual billiards within quadrics
Note that the billiard mapping (3.1), (3.2) is well defined for arbitrary quadric E n−1 given by (1.1) and not only for ellipsoids. Hence, segments x k−1 x k and x k x k+1 determined by 3 successive points of the mapping (3.1), (3.2) may be:
(i) on the same side of the tangent plane T x k E n−1 ;
(ii) on the opposite sides of the tangent plane T x k E n−1 .
In the case (i) we have a part of the usual pseudo-Euclidean billiard trajectory, while in the case (ii) the billiard reflection corresponds to the points
is the symmetric image of x k+1 with respect to x k . In the threedimensional Euclidean case, Darboux referred to such reflection as a virtual reflection (e.g., see [5] and [6] , Ch. 5). In Euclidean spaces of arbitrary dimension, such configurations were introduced in [5] . It appears that a multidimensional variant of Darboux's 4-periodic virtual trajectory with reflections on two quadrics, refereed as a double-reflection configuration [6] , is fundamental in the construction of the double reflection nets in Euclidean and pseudo-Euclidean spaces (see [8] ). They also played a role in a construction of the billiard algebra (see Ch. 8, [6] ). The 4-periodic orbits of real and complex planar billiards with virtual reflections are also studied in [10] . Definition 6.1: Let E n−1 be a quadric in the pseudo-Euclidean space E k,l defined by (1.1). We refer to (3.1), (3.2) as a virtual billiard mapping, and to the sequence of points x k determined by (3.1), (3.2) as a virtual billiard trajectory within E n−1 .
The virtual billiard dynamics is defined outside the singular set
The condition (A −1 y 0 , y 0 ) = 0 implies that the line l 0 = x 0 + sy 0 , s ∈ R does not intersect the quadric E n−1 (for example, consider the light-like lines in the space E 1,1 and the quadric x 2 1 − x 2 2 = 1). We can interpret (3.1), (3.2) , in the case of non light-like billiard trajectories, as the equations of a discrete dynamical system (see [19, 17, 21] ) on E n−1 described by the discrete action functional:
where x = (x k ), k ∈ Z is a sequence of points on E n−1 . Note that a virtual billiard trajectory can have both virtual and real reflections. The Lax representation given in Theorem 3.1 applies for the virtual billiard dynamics as well.
Theorem 6.1: The trajectories (x j , y j ) of (3.1), (3.2), outside the singular set (6.1) satisfy the matrix equation (3.3). Now, suppose that E n−1 is a symmetric quadric defined by conditions (4.1). It has the G = SO(k 1 , l 1 ) × SO(k 2 , l 2 ) × · · · × SO(k r , l r )-symmetry (see Theorem 4.1). With the same proof as of the item (i) in Theorem 5.1, we have Theorem 6.2: If a line l k determined by the segment x k x k+1 of a virtual billiard trajectory within E n−1 (respectively a geodesic line x(t) at the moment t = t 0 ) is tangent to a quadric Q λ * from the pseudo-confocal family (1.2), then it is tangent to Q λ * for all k ∈ Z (respectively for all t ∈ R). In addition, R(x k ) is a virtual billiard trajectory (respectively R(x(t)) is a geodesic line) tangent to the same quadric Q λ * for all R ∈ G.
However, for a proof of the item (ii), in Lemma 5.1 we used the relations (5.1), which implied that, under the conditions (5.5), the signs of the restricted scalar products (5.4) satisfy (5.6). Consequently, the equation R(λ) = 0 has r − 1 solutions ζ s ∈ (α s+1 , α s ) for s ∈ {1, . . . , r − 1} and the left hand side of (5.7) takes negative values at the ends of r − 2 intervals (ζ r−1 , ζ r−2 ), . . . , (ζ 2 , ζ 1 ).
Also, according to (5.8) , the left hand side of (5.7) takes negative values at the ends of the interval (ζ r , ζ r−1 ), for a certain ζ r < α r . We have α s ∈ (ζ s , ζ s−1 ), s = 2, . . . , r, and as in the proof of Lemma 5.1, this implies that the number of zeros of P (λ) is N − 1. Thus, we get:
Theorem 6.3: The lines l k determined by a generic virtual billiard trajectory within a quadric E n−1 in the Euclidean space E n,0 are tangent to N − 1 fixed quadrics from the confocal family (1.2). Also, the tangent lines to a generic geodesic on E n−1 are tangent to other N − 2 fixed quadrics from the confocal family (1.2).
A sketch of the proof of Theorem 6.2 for a symmetric ellipsoid in the Euclidean space is given in Lemma 6.2 [12] .
Finally, we mention that one can obtain similar results for geodesic flows and billiards on quadrics on a pseudo-sphere in E k,l (e.g., see [2, 20, 4] ). Also, it would be interesting to describe the class of symmetric periodic (virtual) billiard trajectories (see [3] for a study of symmetric periodic elliptical billiard trajectories in the Euclidean space).
